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We present mesoscopic fluid-wall interaction models for lattice Boltzmann �LB� model simulations of
microscale flows. The exact solution of the slip velocity for the LB equation with the Bhatnagar-Gross-Krook
collision operator is obtained for Poiseuille flow at finite Knudsen numbers. With a consistent definition of the
Knudsen number, the slip coefficients of the LB equation with the standard D2Q9 scheme are found to be
slightly larger than those of the Boltzmann equation with the same boundary condition, which makes the
standard LB method remain quantitatively accurate only for small Knudsen numbers. By modifying the
nonequilibrium energy flux or introducing the effective relaxation time, the LB method is analytically shown
to reproduce the slip phenomena up to second order in the Knudsen number. For the standard LB method, the
Knudsen layer is captured only with modification of the relaxation dynamics such as in the effective relaxation
time model.
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I. INTRODUCTION

In the classical hydrodynamic theory, fluid motions in the
bulk are described by the Navier-Stokes equations �1�. For
fluid-wall interactions, it is postulated that, at the macro-
scopic level, fluid just outside the wall moves with the same
velocity as the wall: the so-called no-slip condition �1�. This
macroscopic description works well when kinetic effects
present in the vicinity of the wall boundary are negligible at
the macroscale. For flows in micro- and nanoscale devices
�2�, as the characteristic flow length scale becomes compa-
rable to the molecular mean free path, the kinetic effects and
the microscopic details of fluid-wall interactions become im-
portant even at the macroscale. The flow in this regime is
characterized by the Knudsen number Kn=� /H, where � is
the mean free path of the molecules and H is the character-
istic length scale of the flow �3,4�. At small Kn—e.g., 0.01
�Kn�0.1—the kinetic effects first appear at the macro-
scopic level as the slip motion near the wall. At higher Kn,
the kinetic boundary layer occupies a significant portion of
the flow and the application of the Navier-Stokes equations
to the whole flow field is invalid �3�.

The modeling of micro- and nanoscale flows has recently
been an active area of research for the lattice Boltzmann
�LB� method �5–18�. The first analysis of the slip velocity in
the LB method was presented in Cornubert et al. �19�, where
the appearance of the slip velocity in Couette flows was
demonstrated analytically and numerically for the bounce-
back and specular reflection boundary conditions �19�. The
exact solution for the slip velocity in Poiseuille flow was
first presented in Ginzburg and Adler �20�, together with the
exact population solution using the face-centered hypercubic
�FCHC� multiple-relaxation-time �MRT� model �20–23�.

The analytic solutions for the so-called D2Q9 scheme �7,9�
were also reported for the MRT and single-relaxation-time
Bhatnagar-Gross-Krook �BGK� models �6� with the bounce-
back boundary condition �24,25�. The major focus in these
studies �20,24,25� was, however, on accurate implementation
of the no-slip boundary condition in macroscale hydrody-
namics. Recent studies have revealed that the LB method
produces “physical slip” flows �10–18� and that fluid-wall
interaction models are of critical importance in predictions of
the slip phenomena �12,18,26,27�. First attempts to predict
slip phenomena in microscale flows were made by Nie et al.
�10�, Lim et al. �11�, and Succi �28�, where reflection-type
boundary conditions—i.e., the bounce-back and specular re-
flection schemes—are proposed as a mesoscopic fluid-wall
interaction model. The diffuse scattering boundary condition,
which is a discrete analog of the boundary condition used in
the continuum kinetic theory, has also attracted significant
attention �12,15,16�. The extension to the Maxwell boundary
condition with partial accommodation has also been reported
�29�. In Sbragaglia and Succi �26�, it was shown that a com-
bination of the bounce-back and specular reflection boundary
conditions can be designed to give the same slip velocity as
that of the diffuse scattering boundary condition. Szalmas
�30� presented a modified interpolation method for the slip-
flow boundary located at arbitrary wall locations between the
boundary lattices and the first fluid lattices. In the MRT
model, the slip velocity also depends on a free kinetic relax-
ation parameter for higher-order nonequilibrum moments
�25,31�. While encouraging results have been reported, the
capability of the LB method for micro- and nanoscale flows
is still being debated, in part because of different definitions
of the Knudsen number in different studies �15,27,32,33�.

For moderate Kn flows beyond the slip-flow regime, a
higher-order LB method is needed to obtain a quantitative
prediction as well as to reproduce the presence of the Knud-
sen layer �34,35�. In particular, Ansumali et al. �34� showed
that in Couette flow, the Knudsen layer is captured only for*shkcomb@stanford.edu
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the higher-order LB method. While a nonperturbative analy-
sis of the application of the standard LB method to finite Kn
flows has been presented �36�, it is shown in the present
paper that the macroscopic equation for the standard LB
method is exactly the Navier-Stokes equation for Poiseuille
flows, which is consistent with the result of Ansumali et al.
�34� for Couette flow and previous results for Poiseuille flow
�24,25�. In standard lattices such as D2Q9, a modification to
a relaxation dynamics such as the “wall function approach”
�27� is thus essential to capture the Knudsen layer.

The objectives of this paper are to analyze the accuracy of
the LB model in micro- and nanoscale flows with a consis-
tent definition of Kn and to develop improved fluid-wall in-
teraction models that are accurate up to second order in Kn.
The LB equation with the BGK collision operator and the
definition of Kn are described in Sec. II. In Sec. III, an exact
solution of the slip velocity for the LB equation is obtained
for Poiseuille flow at finite Kn. The effective diffuse scatter-
ing boundary condition is introduced to reproduce the first-
order slip coefficient in the asymptotic solution of the Bolt-
zmann equation. A modified LB equation is proposed to
reproduce the slip phenomena to second order in Kn. The
effective relaxation time model, which is the extension of the
method of Zhang et al. �27�, is analyzed with the exact so-
lution. Discrete lattice effects in the slip velocity are dis-
cussed. The numerical simulation results are presented and
compared with the direct simulation Monte Carlo �DSMC�
method and the linearized Boltzmann equation solution in
Sec. IV. The paper ends with a summary of the main results.

II. LATTICE BOLTZMANN METHOD

A. Discrete velocity Boltzmann equation

The discrete velocity Boltzmann �DVB�-BGK equation
can be derived by projecting the Boltzmann-BGK equation
onto the finite-functional space represented by the Hermite
basis �37�:

�t f i + ci���f i = −
1

�
�f i − f i

eq� + Fi, �1�

where f i is the distribution function of the discrete velocity
ci�, t is time, � is the spatial coordinate, � is the relaxation
time, and Fi is an external force for the velocity ci�. To
recover the �isothermal� Navier-Stokes equations in the
small-Kn limit, a second-order Hermite-expansion is re-
quired, and the equivalent discrete velocities and their
weights are determined by the corresponding Gauss-Hermite
quadrature with accuracy equal to or higher than fourth order
�37�. The equilibrium distribution function and the external
force term are, respectively, given by �35�

f i
eq = wi�� +

j�ci�

cs
2 +

1

2

�j�ci��2

�cs
4 −

1

2

j�j�

�cs
2 � , �2�

Fi = wi��g�ci�

cs
2 +

g�u�ci�ci�

cs
4 −

g�u�

cs
2 � , �3�

where g� is the external body force. For the D2Q9 scheme
�9�, the discrete velocities are given by

ci� = ��0,0� , for i = 0,

�3cs„cos��i − 1��/2�,sin��i − 1��/2�… , for i = 1,2,3,4,

�3cs„
�2 cos��2i − 9��/4�,�2 sin��2i − 9��/4�… , for i = 5,6,7,8.

	 �4�

The weights are w0=4 /9, w1=w2=w3=w4=1 /9, and w5
=w6=w7=w8=1 /36. The density � and the momentum den-
sity j� are, respectively, given by



i

f i = � , �5�



i

ci�f i = j� = �u�. �6�

Using the Chapman-Enskog expansion, the kinematic viscos-
ity is obtained as

	 = �cs
2, �7�

where cs=�RT0, R is the gas constant, and T0 is the reference
temperature. The equation of state is p=cs

2�, where p is the
pressure.

B. Lattice Boltzmann equation

The LB equation can be obtained by discretizing the DVB
equation for time t and space x. By integrating Eq. �1� along
the trajectory of the particle velocity ci �24�, we obtain

f i�x + 
tci,t + 
t� − f i�x,t� = �
0


t

�i�x + t�ci,t + t��dt�, �8�

where �i=−�f i− f i
eq� /�+Fi. The integral in Eq. �8� can be

approximated by

�
0


t

�i�x + t�ci,t + t��dt�

�

t

2
��i�x + 
tci,t + 
t� + �i�x,t�� + O�
t2� . �9�
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By introducing the transformation f̂ = f −�i
t /2 �38�, the LB
equation can be written as

f̂ i�x + 
tci,t + 
t� − f̂ i�x,t�

= −

t

� + 
t/2
� f̂ i − f i

eq� +
�

� + 
t/2
Fi
t . �10�

The density and the momentum density are, respectively,
given by

� = 

i

f̂ i, �11�

j� = 

i

c�i f̂ i + �g�


t

2
. �12�

This solves the DVB equation with second order in 
t. Due
to the second-order accuracy, the present formulation results
in correct mass and momentum conservation equations to the
Navier-Stokes order, where the discrete lattice effects due to
the time and spatial discretization are reduced �7,39�. With

the use of the transformation f̂ = f −�i
t /2, the relations for
the momentum and the viscosity in the DVB equation are
preserved even with the time and spatial discretization in the
LB equation �7,39�.

For the so-called lattice units, the unit time is 
t and the
unit length is the distance �in a spatial coordinate� traveled
by particles during 
t, �3cs
t. The sound speed in the lattice
units is given by cs=1 /�3. It is also known that for different
scalings, the sound speed can be a freely adjustable param-
eter �25�.

C. Relaxation time and Knudsen number

In simulations of microscale flows using the LB method
with the BGK collision operator, the relationship of the re-
laxation time � and the mean free path � should be provided.
In the literature for the LB method, the relationship of � and
� and the definition of Kn are diverse
�10,11,13,15,27,33,40�. Since the LB-BGK equation is a dis-
crete version of the continuous Boltzmann-BGK equation,
here the mean free path for the LB method is chosen to be
that for the Boltzmann-BGK equation.

The mean free path � is an average distance traveled by a
molecule before colliding with another molecule. In hard-
sphere gases, it is well defined and given by �41�

� =
m

�2��d2
, �13�

where m and d are the mass and the diameter of the hard-
sphere molecules, respectively. Using the Chapman-Enskog
result of the viscosity �41�,

� =
5m

16d2�RT

�
, �14�

� can be written as

� =
�

�

16

5

1
�2�

1
�RT

=
16

5�
��

2

	

cs
. �15�

The mean free path is, however, not well defined when col-
lisions due to the intermolecular interaction are not well de-
fined �3,42�. In that sense, the mean free path is a conceptual
quantity, except for hard-sphere molecules �43�. When colli-
sions due to the intermolecular interaction are not well de-
fined, Cercignani �42� proposed to use the viscosity-based
mean free path

�	 =
�

p
��RT

2
=��

2

	

cs
. �16�

The viscosity-based mean free path �	 is very close to the
exact result for hard-sphere molecules.

The relaxation time � in the Boltzmann-BGK equation is
usually determined to match the viscosity of the bulk fluid.
Using the viscosity-based mean free path, Eq. �16�, the mean
free path for the BGK molecules can be defined as

� =��

2

	

cs
=��

2
�cs. �17�

The Knudsen number is thus given by

Kn =
�

H
=��

2

	

csH
=��

2

�cs

H
. �18�

This is the relationship of the relaxation time and the Knud-
sen number in the LB method adopted here. This relationship
has also been proposed by arguing the consistency of the
definition of Kn for hard-sphere molecules in the small-Kn
limit �33�.

In the description of experimental results, the viscosity-
based mean free path is widely used to define Kn. However,
considering the nature of the mean free path described above,
the definition of the mean free path can be different for dif-
ferent studies, except for hard-sphere molecules �34�. The
only consistency condition that should be satisfied, when
comparing the solution of the LB equation with those of
other reference methods, is then the equivalence of Kn in the
LB method and that in the reference methods.

III. ANALYTIC SOLUTION OF THE SLIP VELOCITY

A. Linearized Boltzmann-BGK equation

The slip velocity in the kinetic theory �44� is given by

us = c1� �u

�n


w

+ c2�2 �2u

�2n


w

, �19�

where n is the wall normal coordinate pointing into the fluid
and the subscript w denotes the quantity at the wall. For full
accommodation conditions, where all reflected particles are
equilibrated with a wall, the slip coefficients are given by
c1=1.1466 and c2=−0.975 66 �44,45�. These values of the
slip coefficients are derived from the linearized Boltzmann-
BGK equation for Poiseuille flows—i.e., pressure-driven
�body-force-driven� flows between two parallel plates.
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Cercignani �45� also obtained the asymptotic solution for
the normalized mass flux for Kn�1:

Q
 =



u0H
�

0

H

u dy =
1

6

 +  +

�22 − 1�



, �20�

where =1.01615 and u0 is the centerline velocity for the
Navier-Stokes solution with no-slip boundary condition. The
rarefaction parameter 
 is related to Kn as 
=�� / �2Kn�. For
consistent comparison with the LB equation, the normalized
mass flow rate can be rewritten as

Q =
1

u0HKn
�

−H/2

H/2

u dy =
1

6Kn
+ c1 − �2c2 + c3�Kn, �21�

where c3=0.595 16.

B. Lattice Boltzmann equation and effective diffuse
scattering boundary condition

Here, an analytic solution of the D2Q9 LB equation is
obtained for Poiseuille flow. Since the LB equation is con-
sistent with the DVB equation when 
t→0, the DVB equa-
tion will also be referred to as the LB equation, hereafter, for
convenience. The discrete lattice effects due to time and spa-
tial discretization will be discussed later in Sec. III E. The
solution method is based on that of Ansumali et al. �34�,
where a moment system corresponding to the LB equation is
solved. In addition to the conserved moments � and j�, the
moment system includes three components of the stress ten-
sor, two components of energy flux, and a scalar fourth-order
moment:

P�� = 

i

f ici�ci�, �22�

q� = 

i

f ici�ci
2, �23�

� = Ryyyy + Rxxxx − 2Rxxyy , �24�

where R����=
i f ici�ci�ci�ci�. The equations for the moments
are derived from the LB equation. Here, only the steps for
the derivation of the velocity profile and the slip velocity are
presented.

In Poiseuille flow, the flow is steady, �t�·�=0, and unidi-
rectional, �x�·�=0. Under these conditions, the equations for
the density and the momentum density can be written as

�yjy = 0, �25�

�yPxy = �g , �26�

�y�P − N� = 0, �27�

where P= Pxx+ Pyy and N= Pxx− Pyy. For impermeable walls,
which are located at y=H /2 and −H /2, we obtain

jy = 0, �28�

P = N + P0. �29�

From the equations for normal stresses,

�yqy = −
1

�
�N −

jx
2

�
� , �30�

�yqy =
1

�
�N + P0 − 2�cs

2 −
jx
2

�
� , �31�

we obtain P0=2�cs
2, which shows that the density is con-

stant. The shear stress can then be obtained as

Pxy = �gy , �32�

where the symmetry of the flow at y=0 is used. The equation
of the shear stress reads

�y�qx − 3cs
2jx� = −

1

�
Pxy . �33�

Using the equation for energy flux qx,

6cs
2�yPxy = −

1

�
�qx − 4cs

2jx� + 4cs
2�g , �34�

the equation for the momentum jx is finally obtained:

�y�− 6�cs
2�yPxy + 4�cs

2�g + cs
2jx� = −

1

�
Pxy . �35�

Substituting the results for the shear stress and the density,
we obtain

�y�− 2�cs
2g + cs

2ux� = −
1

�
gy . �36�

The differentiation of the above equation gives

�y�	�yux� = − g . �37�

For body-force-driven Poiseuille flow, the hydrodynamic
equation for the D2Q9 LB equation is the Navier-Stokes
equation for all Kn. This is consistent with the previous find-
ing that the analytic solution of the LB method for this flow
has a parabolic profile �24�.

From Eq. �36�, the solution for the velocity ux can be
written as

ux = −
1

2	
gy2 + 2	g + u0. �38�

The integration constant u0 can be obtained from the bound-
ary condition of the distribution functions. At the bottom
wall, the particles are assumed to be reflected diffusely. The
diffuse scattering boundary condition is given by

�f i�y=−H/2 = f i
eq��,�ux,w,�uy,w� = �wi, for i = 2,5,6,

�39�

where u�,w is the velocity of the wall. The nonequilibrium
distribution function at the wall is then given by

�f i
neq�y=−H/2 = �wi − f i

eq���, jx�y=−H/2,0�, for i = 2,5,6.

�40�

Using Eq. �40�, we obtain
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�f5
neq − f6

neq�y=−H/2 = −
�3

18

�jx�y=−H/2

cs

= −
�3

18

�

cs
�− g

H2

8	
+ 2	g + u0� . �41�

Alternatively, the nonequilibrium distribution function can
be obtained using the linear relationship between the distri-
bution functions and the moments:

f i
neq = wi�Pxy

neq

cs
4 cixciy +

qx
neq

2cs
6 �cixci

2 − 4cs
2cix�

+
qy

neq

2cs
6 �ciyci

2 − 4cs
2ciy� +

Nneq

2cs
6 �cix

2 − cs
2�ciy

2 � , �42�

where the superscript “neq” represents the nonequilibrium
part of the quantity. Evaluating Eq. �42� at the bottom wall
gives

�f5
neq − f6

neq�y=−H/2 =
�Pxy

neq�y=−H/2

6cs
2 +

�3

18

�qx
neq�y=−H/2

cs
3

= −
�gH

12cs
2 −

�3

18

2�cs
2�g

cs
3 . �43�

Comparing Eqs. �41� and �43� we obtain

u0 = g��3H

2cs
+

H2

8�cs
2� . �44�

The normalized velocity is thus given by

ûx = − � y

H
�2

+
1

4
+� 6

�
Kn +

8

�
Kn2, �45�

where ûx=2	 / �gH2�ux. For D2Q9, the first-order and second-
order slip coefficients are therefore c1,9=�6 /� and c2,9
=4 /�, respectively, and the normalized mass flow rate is
given by

Q =
1

6Kn
+� 6

�
+

8

�
Kn. �46�

The present analysis is based on the second-order equilib-
rium and forcing terms, Eqs. �2� and �3�. For body-force-
driven Poiseuille flows, however, the second-order terms in
Eqs. �2� and �3� are only concerned with the normal stress N
and the nonequilibrium distributions. For the straight walls
parallel to the main axis of the lattice velocities, the slip
velocity and the velocity profile are, therefore, identical to
those obtained using the Stokes equilibrium and the linear
forcing term given by

f i
eq = wi�� +

j�ci�

cs
2 � , �47�

Fi = wi�
g�ci�

cs
2 . �48�

The slip �and bulk� velocity can be affected by the second-
order terms for inclined channels and general flows.

The slip coefficients for the D2Q9 LB equation are higher
than those for the linearized Boltzmann equation. This is the
result of the discretization in velocity space. To obtain a cor-
rect value of the slip coefficient, the effective diffuse scatter-
ing condition can be introduced by combining the diffuse
scattering boundary condition and the bounce-back scheme:

f i = rf i
b + �1 − r�f i

d, �49�

where the superscripts b and d represent the bounce-back
scheme and the diffuse scattering boundary condition, re-
spectively, and r is the fraction of fluid particles reflected
with the bounce-back rule. For the boundary condition of Eq.
�49�, the integration constant u0 is given by

u0 = g�1 − r

1 + r

�3H

2cs
+ 2� +

H2

8�cs
2� . �50�

The normalized velocity and the normalized mass flux are
thus given by

ûx = − � y

H
�2

+
1

4
+

1 − r

1 + r
� 6

�
Kn +

8

�
Kn2, �51�

Q =
1

6Kn
+

1 − r

1 + r
� 6

�
+

8

�
Kn. �52�

The introduction of the bounce-back scheme influences only
the first-order slip coefficient. In the analysis of the boundary
condition in the LB model, the bounce-back scheme is
known to give second-order slip velocity in Kn �10,26�.
Equation �51� shows that this second-order slip velocity oc-
curs regardless of the spatial and temporal discretization, and
that the bounce-back scheme has the same second-order slip
coefficient as the diffuse scattering boundary condition. In
the D2Q9 LB equation for Poiseuille flow, the second-order
slip velocity is induced by the nonequilibrium energy flux
qx

neq. In Couette flow, where the nonequilibrium energy flux
vanishes, the bounce-back scheme produces a no-slip condi-
tion for all Kn. In what follows, two methods to adjust the
second-order slip coefficient are presented.

C. Modification of energy flux in the lattice
Boltzmann equation

According to the present analysis, the second-order slip
coefficient in the D2Q9 LB equation can be adjusted by
modifying the energy flux in the moment system. This can be
achieved by the modified LB equation

�t f i + ci���f i = −
1

�
�f i − f i

eq� + Fi + Si, �53�

where

Si = − rq
wi

�
�qx

neq

2cs
6 �cixci

2 − 4cs
2cix� +

qy
neq

2cs
6 �ciyci

2 − 4cs
2ciy�� .

�54�

For Poiseuille flow, the energy flux qx
neq then becomes
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qx
neq = − 2�qcs

2�g , �55�

where �q=� / �1+rq�. With the modified energy flux qx
neq, the

normalized velocity and the normalized mass flux are given
by

ûx = − � y

H
�2

+
1

4
+

1 − r

1 + r
� 6

�
Kn +

1

1 + rq

8

�
Kn2, �56�

Q =
1

6Kn
+

1 − r

1 + r
� 6

�
+

1

1 + rq

8

�
Kn. �57�

The second-order discrete form of the modified LB equa-
tion can be written as

f̂ i�x + 
tci,t + 
t� − f̂ i�x,t�

= −

t

� + 
t/2
� f̂ i − f i

eq� +
�

� + 
t/2
�Fi + Si�
t . �58�

From the transformation f̂ i= f i− ��i+Si�
t /2 and the moment
relations, the noneqilibrium energy flux is given by

q�
neq =

1

1 + 
t/�2�q��
i

ci�ci
2 f̂ i − 4cs

2

i

ci� f̂ i� . �59�

Sbragaglia and Succi �26� suggested to modify the construc-
tion of the body force in the LB model in order to adjust the
second-order slip coefficient. This is possible when selecting
the direction of the body force parallel to one of the lattice
velocities— e.g., c1�. By releasing the isotropy requirement
for the body-force term, free parameters are obtained, which
can be used to adjust the second-order slip coefficient. Es-
sentially, their method corresponds to a modification of the
energy flux qx. However, the method of Sbragaglia and Succi
can be applied only when flows are driven by a body force,
while the present method can be applied to pressure-driven
flows.

In the MRT model �22,23�, the different relaxation times
can be independently adjusted to overcome the limitations of
the BGK model—for example, numerical stability. The slip
velocity in the MRT model is also shown to depend on the
relaxation times for third-order moments �25,31�. The
present analysis shows that the slip velocity at second order
in Kn is specifically related to the nonequlibrium energy flux
mode, which is consistent with the previous results for the
MRT model �20,25�. In Eq. �53�, the nonequilibrium energy
flux is effectively adjusted by adding a source term to the
LB-BGK equation.

D. Lattice Boltzmann equation with the effective
relaxation time

In the Knudsen layer or kinetic boundary layer �45�, an
average distance traveled by molecules before collisions—
i.e., the mean free path—is smaller than that in homogeneous
bulk fluid due to the presence of the wall boundary. As a
result, the hydrodynamic momentum transfer is different
from that in the bulk fluid and the Navier-Stokes hydrody-
namics or the linear relationship of the stress and the strain is

invalid in this layer with thickness of the order of the mean
free path. Guo et al. �33� argued that the relaxation time in
the BGK model should also be changed according to changes
in the mean free path in the confined geometry and proposed
to use a relaxation time that accounts for wall confinement
effects in the LB method. Zhang et al. �27� also proposed an
effective mean free path, with the same physical picture as
Guo et al. �33�, but considered the variation of the effective
mean free path along the wall normal direction.

While the arguments of Guo et al. �33� and Zhang et al.
�27� on the effective mean free path are physically sound, the
implication on the relaxation time in the BGK model is
worthwhile to discuss. In Guo et al. �33� and Zhang et al.
�27�, the effective relaxation time is given by �e=�e /c,
where �e and �e are the effective relaxation time and the
effective mean free path, respectively, and c is a properly
chosen mean molecular speed. The confinement effects con-
tained in the effective mean free path are entirely transferred
to the effective relaxation time.

In the Boltzmann-BGK equation, particles can have all
allowable ranges of velocities. During the time interval of
the order of the relaxation time, particles with velocities
larger than H /� interact with the wall before relaxing to the
local-equilibrium even in relatively homogeneous hydrody-
namic field. The effects of the wall confinement appear
therefore in the solution of the Boltzmann-BGK equation
even with a fixed relaxation time that is determined by the
bulk fluid viscosity. This can be easily verified by the fact
that the solution of the linearized Boltzmann-BGK equation,
with fixed relaxation time, agrees excellently with that of the
DSMC method �46� in simple flows for all Kn. Therefore, in
the Boltzmann-BGK equation, the relaxation time represents
the intrinsic property of molecules and there is no need to
modify the relaxation time to consider the geometric effects
such as the wall confinement.

This argument suggests that the concept of effective re-
laxation time is restricted to a reduced-order model of the
Boltzmann-BGK equation. In addition, a specific relation be-
tween the effective relaxation time and the effective mean
free path depends on the reduced-order model for which it is
applied. In the LB method, the velocity space is represented
by a finite number of discrete velocities and each discrete
distribution function represents a group of particles with a
range of velocities. In the D2Q9 LB method, in particular, all
particles move with the same wall normal velocity and relax
to the local equilibrium with the same relaxation time. In
contrast to the continuum Boltzmann-BGK equation, the ef-
fects of the wall confinement on the relaxation dynamics are
the same for all particles in D2Q9. This is perhaps the reason
why the Knudsen layer is not captured in D2Q9. In hydro-
dynamics, the effects of the wall boundary on the momentum
transfer in the Knudsen layer can be represented by the ef-
fective viscosity �47�

	e = −
1

�

Pxy

�yux
. �60�

Since the macroscopic equation for the D2Q9 LB model is
the Navier-Stokes equation for all Kn, the effective relax-
ation time is defined as
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�e =
	e

cs
2 . �61�

This is equivalent to the relation between the effective relax-
ation time and the effective mean free path in Guo et al. �33�
and Zhang et al. �27�.

Here, we analyze the effective relaxation time model us-
ing an exact solution. The effective relaxation time is as-
sumed to be

�e =
�

1 + a�
, �62�

where

� = �1 − I�exp�−
b

Kn
� y

H
+

1

2
�� + I exp� b

Kn
� y

H
−

1

2
�� .

�63�

The indicator function I is zero for y�0 and unity for y
�0. For the effective diffuse scattering condition, the nor-
malized velocity and mass flux are given by

ûx = − � y

H
�2

+
1

4
+ �� 6

�

1 − r

1 + r
+

a

b
�1 − 2

y

H
���Kn

+ 2� 4

��1 + a��
−

a

b2 �1 − ���Kn2, �64�

Q =
1

6Kn
+ �� 6

�

1 − r

1 + r
+

a

b
� + � 8

�
− 4

a

b2�Kn + Qh,

�65�

where

� = − �1 − I�exp�−
b

Kn
� y

H
+

1

2
�� + I exp� b

Kn
� y

H
−

1

2
�� ,

�66�

Qh = 8� a

b3 �1 − e−b/�2Kn��

−
2

�

ln�1 + a� − ln�1 + ae−b/�2Kn��
b

�Kn2. �67�

There are two effects due to the effective relaxation time: the
decrease of the overall flow resistance in the bulk fluid due to
the decreased viscosity near the walls and the decrease of the
slip velocity due to the decrease in the relaxation time. The
former effect first appears in the first-order term in Kn, while
the latter effect appears in the second- and higher-order terms
in Kn. With a /b�0, the effective relaxation time introduces
additional first-order slip in Kn. To match the first-order slip
coefficient, the parameter r in the effective diffuse scattering
boundary condition should thus be adjusted accordingly.

E. Discrete lattice effects in the boundary condition
and slip velocity

The analytic solutions for the slip velocity are obtained
for the DVB equation. Due to finite lattice spacing, the slip

velocity in the LB method involves the discretization error or
discrete lattice effects �39�. The LB equation �10� is obtained
from the second-order implicit time integration of the DVB
equation, and thus the discretization error in fluid lattices is
of O�
2�, where 
=H /N is the lattice spacing. For the
boundary closure, the halfway scheme is used to obtain
second-order accuracy for a straight wall �19,20,24�. In the
transverse direction, fluid lattices are indexed from 1 to N,
while the boundary lattices are 0 and N+1. For the wall
boundary located at y=−H /2, the boundary lattices are lo-
cated at y=−H /2−
 /2, while the boundary lattices are lo-
cated at y=H /2+
 /2 for the upper wall. After the propaga-
tion step, the unknown distribution functions at the wall
boundary lattices are given by

f̂ i = r f̂ i
b + �1 − r�f i

d. �68�

To get some insights into discrete lattice effects in the
boundary closure, it is instructive to discuss the bounce-back
scheme for which the analytic solution of the slip velocity is
known �24,25�. From Eq. �43� of He et al. �24�, the slip
velocity for the �halfway� bounce back scheme is given by

us
e = uc

�4���4�� − 5� + 3�
3N2 , �69�

where uc=H2g / �8	� and ��= �̄+1 /2. �̄ is the relaxation time
in the lattice unit. Equation �69� is derived for the explicit
treatment of the linear part of the external force term. For the
normalized slip velocity we obtain

ûs
e = 4

���̄ + 1/2���̄ − 3/4� + 3/16�
3N2

=
8

�
Kn2 −� 2

3�
Kn

1

N
−

1

4N2 , �70�

where ûs
e=2	 / �H2g�us

e.
In Eq. �70�, the physical slip velocity, which does not

vanish as 
→0 for a given Kn, is equal to that in Eq. �51�
with r=1. However, the �halfway� bounce-back scheme with
the explicit treatment of the forcing term has a spurious slip
velocity at first order in Kn. This spurious slip velocity is of
first order in 
. In the second-order implicit treatment of the
external force term, the normalized slip velocity is given by

ûs = ûs
e +

g

2

2	

H2g
=

8

�
Kn2 −

1

4N2 . �71�

Note that the spurious first-order term is removed in Eq. �71�
and the scheme is of second order in 
.

For the modified LB equation with the effective diffuse
scattering boundary condition, the normalized slip velocity
with discrete lattice effects is found to be

ûs =
1 − r

1 + r
� 6

�
Kn +

1

1 + rq

8

�
Kn2 −

1

4N2 . �72�

The discretization error is identical to that for the �halfway�
bounce-back scheme. The problem of discrete effects in the
kinetic boundary condition has also been addressed in Guo
et al. �48�.
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IV. NUMERICAL SIMULATIONS

Numerical simulations using the proposed LB methods
were performed for Poiseuille and Couette flows. Hereafter,
the D2Q9 scheme with the effective diffuse scattering
boundary condition is referred to as D2Q9ED, the D2Q9
scheme with the effective diffuse scattering boundary condi-
tion and the modified energy flux term is referred to as
D2Q9EDQ, and the D2Q9 scheme with the effective diffuse
scattering boundary condition and the effective relaxation
time is referred to as D2Q9EDT. For D2Q9ED, the param-
eter r is set to give the exact first-order slip coefficient c1.
For D2Q9EDQ, rq is set to 0.9 in order to match the normal-
ized mass flow rate for the linearized Boltzmann equation to
second order in Kn. For D2Q9EDQ, a=0.3 and b=1, and r is
set to give the exact first-order slip coefficient c1. To assess
the new models, for both Poiseuille and Couette flows, solu-
tions are compared with results obtained using the DSMC
method �46�. The DSMC method is a particle method for
rarefied gas flows that performs a direct simulation of the
physics in the full Boltzmann equation. The DSMC method
is often used in studies of microscale gas flows to evaluate
more approximate, more numerically efficient techniques
�27,34,49�.

A. Poiseuille flow

Analytic solutions for the normalized slip velocity are
compared with results from numerical simulations in Fig. 1.
The slip velocity here is defined as us=QKn−1 /6. The ana-
lytic solutions are in excellent agreement with the numerical
results. In numerical simulations, the periodic condition is
used for the streamwise direction, while the �effective� dif-
fuse scattering boundary condition is used on the walls. The
transverse direction is discretized into 53 grid points includ-
ing the boundary points.

Figure 2 shows the discretization errors for the slip veloc-
ity for D2Q9 with the �halfway� bounce-back scheme. The
error is defined by

� =
ûs

DVB − ûs
LB

ûs
DVB + 1/6

, �73�

where ûs
DVB and ûs

LB are the normalized slip velocity for the
DVB equation and for the LB equation, respectively. The
numerical simulation results exactly match with the analytic
solutions, Eqs. �70� and �71�. This confirms the analysis in
Sec. III E: For the LB equation with the �halfway� bounce-
back scheme, second-order implicit time integration results
in a second-order scheme, while an explicit treatment of the
external body-force term results in a first-order scheme. Fig-
ure 3 shows the discretization errors for the slip velocity for
D2Q9EDQ. The discretization errors from the numerical
simulations exactly match with those for Eq. �72�.

Figure 4 shows the normalized mass flow rate Q. The
normalized mass flow rates predicted by various LB methods
are compared with the linearized Boltzmann �50� and DSMC
solutions for a range of Kn. DSMC solutions agree well with
those of the linearized Boltzmann equation for the range of

Kn
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FIG. 1. Normalized slip velocity us for Poiseuille flow. The slip
velocity is defined as us=QKn−1 /6. Numerical solutions for D2Q9
�squares�, D2Q9EDQ �triangles�, and D2Q9EDT �circles� are com-
pared with analytic solutions �lines�.
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FIG. 2. Discretization errors of the slip velocity, defined by Eq.
�73�, for D2Q9 with the �halfway� bounce-back scheme. The LB
equation with the second-order implicit time integration �circles� is
a second-order scheme, while that with the explicit treatment of the
external body-force term �squares� is a first-order scheme. The nu-
merical simulation results exactly match with the analytic solutions,
Eqs. �70� �dashed line� and �71� �solid line�.
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FIG. 3. Discretization errors of the slip velocity, defined by Eq.
�73�, for D2Q9EDQ. The discretization errors from the numerical
simulations �circles� exactly match with those for Eq. �72� �line�.
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Kn considered here, which supports the argument on the re-
laxation time in the previous section. D2Q9 well predicts a
mass flow rate up to about Kn�0.05. For D2Q9ED with an
accurate first-order slip coefficient, the range of Kn that is in
quantitative agreement with the reference solutions extends
to about Kn�0.1. With improved second-order slip coeffi-
cients, D2Q9EDQ and D2Q9EDT agree well with the
DSMC method and linearized Boltzmann equation also for
the moderate transition regime—i.e., Kn�0.2–0.3. For Kn
�0.5, D2Q9EDT predicts slightly higher Q than D2Q9EDQ
due to the higher-order term Qh in Eq. �65�. All LB methods
predict the Knudsen minimum due to the second-order and
higher-order slip components.

Figure 5 shows the streamwise velocity profiles at Kn
=0.04 and Kn=0.2. The velocity is normalized using the
bulk mean velocity ub=�−H/2

H/2 u dy /H. At Kn=0.04, all LB
methods are in very good agreement with the DSMC
method. At Kn=0.2, D2Q9 and D2Q9EDQ overpredict the
velocity near walls, and the velocity profile is flatter than that
of the DSMC method, while D2Q9EDT is in good agreement
with the DSMC method. Considering the mass flow rate is
well predicted by D2Q9EDQ, the flatter velocity profile pre-
dicted by D2Q9EDQ is due to its lack of capturing the Knud-
sen layer.

B. Couette flow

The proposed LB methods with the same set of model
constants are applied to planar Couette flow. In the planar
Couette flow, the top plate at y=H /2 moves with velocity U,
while the bottom plate at y=−H /2 moves with velocity −U.
The periodic condition is used for the streamwise direction,
while the �effective� diffuse scattering boundary condition is
used on the walls. The transverse direction is discretized into
53 grid points including the boundary points.

Figure 6 shows the streamwise velocity profiles for Kn
=0.1, 0.25, 0.5, and 1. The discrepancy between the D2Q9
and DSMC approaches increases with Kn, while D2Q9EDQ
improves D2Q9 only slightly. D2Q9EDT, however, gives
significantly improved results for Kn�1. The nonlinear pro-

file in the Knudsen layer in DSMC is also captured by
D2Q9EDT, as reported in Zhang et al. �27�. In Zhang et al.
�27�, with the model constant a in D2Q9EDT being 0.7 and
with the diffuse scattering boundary condition, they obtained
very good results for Couette flow. However, as in Eq. �65�,
without modifying the boundary condition, D2Q9EDT gives
higher mass flow rate in Poiseuille flow than D2Q9.

Figure 7 shows the actual slip velocity at the wall,
�uw−uf� /uw, where uw and uf are the velocity of the wall and
the fluid velocity at the wall, respectively, and the slip veloc-
ity measured using the velocity gradient at the centerline,
1− �dux /dy� � y=0 / �2U�. D2Q9 overpredicts the actual slip
even at very small Kn, while the slip velocity based on the
velocity gradient at the centerline is in good agreement with
the linearized Boltzmann solution �51� for Kn�0.05. This is
because D2Q9 does not capture the Knudsen layer. In Cou-
ette flow, since the nonequilibrium energy flux qx

neq vanishes,
only first-order slip in Kn appears for D2Q9 and D2Q9EDQ
is equivalent to D2Q9ED. By improving the first-order slip
coefficient, D2Q9ED�Q� accurately predicts the slip velocity
based on the velocity gradient at the centerline up to Kn
�0.15. D2Q9EDT agrees well with the linearized Boltz-
mann equation for the range of Kn considered here.

V. CONCLUSIONS

Lattice Boltzmann models that can predict slip velocity up
to second order in the Knudsen number are presented. The
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FIG. 4. Normalized mass flow rate for Poiseuille flow. The nor-
malized mass flow rate is defined by Q=1 / �u0HKn��−H/2

H/2 u dy,
where u0 is the maximum velocity for the Navier-Stokes equation
with no-slip boundary condition.
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FIG. 5. Distribution of the streamwise velocity for �a� Kn
=0.04 and �b� Kn=0.2 in Poiseuille flow. The velocity is normal-
ized by ub=�−H/2

H/2 u dy /H.
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exact solution of the slip velocity for the LB equation is
obtained for Poiseuille flow at finite Kn. With a consistent
definition of the Kn, the slip coefficients of the LB equation
with the standard D2Q9 scheme are found to be slightly
larger than those of the Boltzmann equation with the same
boundary condition, which causes the D2Q9 LB method to
remain quantitatively accurate only for small Kn. The effec-
tive diffuse scattering boundary condition is introduced to
reproduce the first-order slip coefficient in the asymptotic
solution of the Boltzmann equation. It is found that the
second-order slip velocity in the D2Q9 LB method is related
to the nonequilibrium energy flux, which is consistent with
the previous results for the MRT model. A modified LB
equation is proposed, which has a source term to modify the
nonequilibrium energy flux and thus has an adjusted second-
order slip coefficient. To capture the Knudsen layer, the LB
method with the effective relaxation time is proposed and
analyzed with the exact solution. With the effective relax-
ation time and the effective diffuse scattering boundary con-
dition, the slip flow is predicted up to second order in Kn and
the Knudsen layer is captured. For the standard LB method,
the Knudsen layer is captured only with the modification of
the relaxation dynamics as in the effective relaxation time
model.

The present analysis is restricted to straight walls. For
application to flows in complex geometry, a boundary clo-
sure based on an interpolation method �25,52� can be utilized
to minimize errors due to finite lattice spacing. Another issue

is the anisotropy of the slip velocity. In Cornubert et al. �19�
and Ginzburg and Alder �20�, the slip velocity is shown to be
anisotropic with respect to the orientation of the wall bound-
ary. The analysis of the slip velocity in flows with curved
streamlines is also an open problem.
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APPENDIX

For Poiseuille flow, the equation for ux for the D2Q9
scheme with effective relaxation time can be written as

�y�− 2�ecs
2g + cs

2�ux� = −
1

�e
gy . �A1�

The effective relaxation time is assumed to be

�e =
�

1 + a�
,

where

y/H

no
rm

al
iz

ed
ve

lo
ci

ty

-0.4 -0.2 0 0.2 0.4

-0.4

-0.2

0

0.2

0.4 DSMC
D2Q9
D2Q9EDQ
D2Q9EDT

y/H

no
rm

al
iz

ed
ve

lo
ci

ty

-0.4 -0.2 0 0.2 0.4

-0.4

-0.2

0

0.2

0.4 DSMC
D2Q9
D2Q9EDQ
D2Q9EDT

(a) y/H

no
rm

al
iz

ed
ve

lo
ci

ty

-0.4 -0.2 0 0.2 0.4

-0.4

-0.2

0

0.2

0.4 DSMC
D2Q9
D2Q9EDQ
D2Q9EDT

y/H

no
rm

al
iz

ed
ve

lo
ci

ty

-0.4 -0.2 0 0.2 0.4

-0.4

-0.2

0

0.2

0.4 DSMC
D2Q9
D2Q9EDQ
D2Q9EDT

(b)

(c)

(d)

FIG. 6. Distribution of the streamwise velocity for �a� Kn=0.1, �b� Kn=0.25, �c� Kn=0.5, and �d� Kn=1 in Couette flow. The velocity
is normalized by the difference between the velocities of the top and bottom plates.
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� = �1 − I�exp�−
b

Kn
� y

H
+

1

2
�� + I exp� b

Kn
� y

H
−

1

2
�� .

The indicator function I is zero for y�0 and unity for y
�0. The solution for ux then reads

ux = −
1

2	
gy2 + u0 + 2�eg −

ag

�cs
2

H

b
y�Kn +

ag

�cs
2

H2

b2 �Kn2,

�A2�

where

� = − �1 − I�exp�−
b

Kn
� y

H
+

1

2
�� + I exp� b

Kn
� y

H
−

1

2
�� .

For the combination of the diffuse scattering and bounce-
back boundary condition,

f i = rf i
b + �1 − r�f i

d,

we obtain

�f5
neq − f6

neq�y=−H/2 = r�f7
neq − f8

neq�y=−H/2 − �1 + r�
�3

18

�jx�y=−H/2

cs

= r� �Pxy
neq�y=−H/2

6cs
2 −

�3

18

�qx
neq�y=−H/2

cs
3 �

− �1 + r�
�3

18

�jx�y=−H/2

cs
. �A3�

The nonequilibrium stress and energy flux are given by
Pxy

neq=�gy and qx
neq=2�ecs

2�g, respectively. From the linear
relationship between the nonequilibrium distribution func-
tion and moments, Eq. �42�, we obtain

�f5
neq − f6

neq�y=−H/2 =
�Pxy

neq�y=−H/2

6cs
2 +

�3

18

�qx
neq�y=−H/2

cs
3

= −
�gH

12cs
2 −

�3

9

�e�g

cs
. �A4�

Comparing Eqs. �A3� and �A4�, we obtain

u0 = g�1 − r

1 + r

�3H

2cs
+

H2

8�cs
2 −

aH2

2b�cs
2 ���y=−H/2Kn

−
aH2

b2�cs
2 ���y=−H/2Kn2� . �A5�

The normalized velocity and mass flow rate are thus given
by

ûx = − � y

H
�2

+
1

4
+ �� 6

�

1 − r

1 + r
+

a

b
�1 − 2

y

H
���Kn

+ 2� 4

��1 + a��
−

a

b2 �1 − ���Kn2,

Q =
1

6Kn
+ �� 6

�

1 − r

1 + r
+

a

b
� + � 8

�
− 4

a

b2�Kn + Qh,

where

Qh = 8� a

b3 �1 − e−b/�2Kn��

−
2

�

ln�1 + a� − ln�1 + ae−b/�2Kn��
b

�Kn2.

To obtain �A2� and the normalized mass flow rate Q, the
following formulas are used:

� y� dy =
H

b
Kny� − �H

b
Kn�2

� , �A6�

�
−H/2

H/2

y� dy =
H2

b
Kn − 2�H

b
Kn�2

�1 − e−b/�2Kn�� , �A7�

�
−H/2

H/2 1

1 + a�
dy = H − 2

H

b
Kn�ln�1 + a� + ln�1 + ae−b/�2Kn��� .

�A8�
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FIG. 7. Normalized slip velocity in Couette flow. �a� actual slip
velocity �uw−uf� /uw, where uw and uf are the velocity of the wall
and the fluid velocity at the wall, respectively, and �b� the slip
velocity measured using the velocity gradient at the centerline, �1
− �dux /dy��y=0 / �2U�.
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